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ABSTRACT

The main cause of train derailment is related to transverse defects that arise in the railhead. These consist
typically of opened or internal flaws that develop generally in a plane that is orthogonal to the rail direction.
Most of the actual inspection techniques of rails relay on eddy currents, electromagnetic induction, and
ultrasounds. Ultrasounds based testing is performed according to the excitation-echo procedure [1]. It is
conducted conventionally by using a contact excitation probe that rolls on the railhead or by a contact-less
system using a laser as excitation and air-coupled acoustic sensors for wave reception. The ratio of false
predictions either positive or negative is yet too high due to the low accuracy of the actual devices. The
inspection rate is also late; new numerical method has been developed in this context: The semi-analytical
finite element method SAFE. This method has been applied in the case of anisotropic media [2], composite
plates [3] and media in contact with fluids [4]. This method has been used successfully for several structures
and especially in the case of beams of any cross-section such as rails that are the subject of this work and we
were interested in wave propagation in waveguides of any arbitrary cross-section in the case of beams or rails.
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1. INTRODUCTION

The propagation of elastic waves is widely used in the field of non-destructive testing [5], in
particular for quality control and detection defect in mechanical components of machines
and industrial installations. Inspection methods of rails that are based on ultrasonic wave
propagation were widely used [6].

The SAFE approach to determine the dispersive curves is to discretize the domain cross-
section by the finite element method, in a two-dimensional problem (2D). In the propagation
direction of the wave, which is orthogonal to the cross-section, the displacements are
modeled using harmonic analytic functions. Hence the name semi-analytical method of finite
elements. The great merit of this approach is the reduction of computation time by com-
parison with a purely three-dimensional computation, and in particular for high frequencies
or what amounts to the same at the small wavelengths [7].

2. PROPAGATION OF GUIDED ELASTIC WAVES IN A RAIL

Let us consider an elastic waveguide with waves propagating along the direction x3 with the
wave number k and frequencyu. The cross-section of the waveguide is in the plane ðO; x1; x2Þ
The equation of motion is written [8]:

Ciplm
v2ul

vxpvxm
¼ r

v2ui
vt2

i; p; l;m ¼ 1; 2; 3 (1)

It is envisaged to search for the general solution of the waveguide in the form
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uiðx1; x2; x3; tÞ ¼ Uiðx1; x2Þexp½ jðkx3 � utÞ� i ¼ 1; 2; 3

(2)

where j ¼ ffiffiffiffiffiffi
−1

p
is the imaginary unit.

The expression (2) expresses the separation between the
movement in the plane of the cross-section and the off-plane
motion which is considered purely harmonic. This requires
that the material properties remain constant in the middle
section of ðO; x1; x2Þ

By substituting Eq. (2) in Eq. (1), it comes

Ciplm
v2ul

vxpvxm
þ ru2ui ¼ 0 i; p; l;m∈ f1; 2; 3g (3)

where Ciplm are the terms of the elasticity tensor, r the
density of the material, ui the components of the displace-
ment vector.

By explaining the calculation of derivation with respect
to x3 we obtain:

Ciplm
v2Ul

vxpvxm
þ jk

�
Ci3lp þ Cipl3

� vUl

vxp
� k2Ci3l3Ul

þ ru2dilUl ¼ 0 i; l∈ f1; 2; 3g p;m∈ f1; 2g
(4)

To Eq. (4), we must add the boundary conditions on the
free boundary of the right section which the stress on the
boundaries are written:

Ti ¼ σipnp ¼ Ciplm
vUl

vxm
np þ jkCipl3Ulnp ¼ 0

i; l∈ f1; 2; 3g p;m∈ f1; 2g
(5)

where np is the kth component of the unit normally coming
out of the domain boundary defining the cross-section.

The problem defined by Eq. (4) has the form of a
quadratic problem with eigenvalues.

To formulate it discretely, the evaluation of spatial de-
rivatives is necessary. The numerical approximation by the
finite element method can be used to evaluate these
derivatives.

The finite element method can be implemented directly
from a variational principle such as the principle of virtual
works. For a system subjected to the action of distribution of

surface forces noted T
!
, the principle of virtual works applied

to a continuous medium occupying the boundary domain
vVmakes it possible to writeZ

vV
d
h
u!
iTh

T
!i

dS ¼
Z
V
d½«�T ½σ�dV þ

Z
V
d
h
u!
iT
r
h
€u!
i
dV

(6)

For a free elastic system, the left part of the Eq. (6) van-
ishes: Z

V
d½«�T ½C�½«�dV þ

Z
V
d
�
u!�T

r
� €u!�

dV ¼ 0 (7)

In practice, it is perfectly possible to account for dissipa-
tion in the formulation of the variational problem via the
introduction of elastic constitutive constants that are com-
plex [9]. We then introduce the following star constants

C*
iplm ¼ Ciplm þ jhC’

iplm (8)

where h is a constant that reports the depreciation level.
The Eq. (7) becomes:Z

V
d½«�T ½C�½«�dV �

Z
V
r d

� _u!�
T
� _u!�

dV ¼ 0 (9)

In the case of a slender system following the direction x3,
the SAFE method introduces the discretization of the
problem by considering on an element e defined in the
intersection of the domain V with a plane parallel to ðx1; x2Þ
the following interpolation�

u!� e¼ ½Nðx1; x2Þ�e½�q�e exp½ jðkx3 � utÞ� (10)

where

½Nðx1; x2Þ� e

¼

264N1 0 0 N2 0 0 ⋱ Nne 0 0

0 N1 0 0 N2 0 ⋱ 0 Nne 0

0 0 N1 0 0 N2 ⋱ 0 0 Nne

375
(11)

and

½�q� e ¼ �
�U11 �U21 �U31 �U12 �U22 �U32⋯⋯⋯�U1ne �U2ne �U3ne

�T
(12)

where ne is the number of nodes of the finite element chosen
to perform the discretization of the domain.

We will note in the following the basic section which
serves as a domain to the formulation SAFE by
Ω ¼ V∩ðx1; x2Þ and its boundary which is a curve by vΩ.

The tensor of the deformations can be represented by a
six-dimensional matrix. Using Eq. (10) and the definition of
the small deformation tensor, we obtain the deformation
field on the element e in the form [9]

½«� e ¼ ½B�½�q� e exp½ jðkx3 � utÞ� (13)

where

½B� ¼ ½B1� þ jk½B2�

½B1� ¼ L1
v½N�
vx1

þ L2
v½N�
vx2

½B2� ¼ L3½N�

(14)

L1 ¼

26666664
1 0 0
0 0 0
0 0 0
0 0 0
0 0 1
0 1 0

37777775; L2 ¼

26666664
0 0 0
0 1 0
0 0 0
0 0 1
0 0 0
1 0 0

37777775;

L3 ¼

26666664
0 0 0
0 0 0
0 0 1
0 1 0
1 0 0
0 0 0

37777775 (15)
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By substituting Eq. (13) for the elementary integral that
appears in Eq. (7), we get:Z

Ω
e
d½«�T ½C�½«�dΩþ

Z
Ω

e
r d

�
u!�T� €u!�

dΩ

¼ d½q�e T�½Ke� � u2½Me��½q�e (16)

where

½Ke� ¼
Z
Ω

e
½B1�T ½C�½B1�dΩ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

½Ke
1�

þ jk
Z
Ω

e

n
½B1�T ½C�½B2� � ½B2�T ½C�½B1�

o
dΩ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

½Ke
2�

þ k2
Z
Ω

e
½B2�T ½C�½B2�dΩ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

½Ke
3�

and

½Me� ¼
Z
Ω

e
½N�Tr½N�dΩ

By assembly, the discretized problem is written

∪
Ne

e¼1
d½�q�e T�½Ke� � u2½Me��½�q� e ¼ 0 (17)

where Ne is the total number of elements that discretize the
cross-section and ∪Ne

e¼1 refers to the assembly operation.
Here the following global assembled system of dimension

is equal to the total number of nodes nn�½K� � u2½M��½�q� ¼ ½0� (18)

where

½K� ¼ ½K1� þ jk½K2� þ k2½K3� (19)

It is possible to make a base change in order to elim-
inate the pure imaginary complex that appears in Eq. (19).
The following transformation matrix is thus introduced
[7]

Tn ¼

2666666666664

j 0 0 ⋯ 0
0 1 0
0 0 1

⋱ ⋱ ..
.

⋱ ⋱ ⋱
..
.

⋱ ⋱
j 0 0
0 1 0

0 ⋯ 0 0 1

3777777777775
(20)

The new matrix K is written�bK� ¼ ½K1� þ k
�bK2

�þ k2½K3� (21)

where �bK2
� ¼ iTT ½K2�Tn

where j T ¼ −j is used.

The new quadratic problem with the proper values to be
solved in k for u fixed is written�½K1� þ k

�bK2
�þ k2½K3� � u2½M���b�q� ¼ ½0� (22)

where b�q is the new eigenvector to get the old eigenvector in
the form

½�q� ¼ TT
n

�b�q�
The eigenvalue problem (22) can be solved by fixing the

frequency u and the dispersion branches are determined in
the form k ¼ kðuÞ . The real part of k describes the velocity
of propagation of the wave and the imaginary part describes
the attenuation that the wave undergoes. If the real part of k
is zero the wave is evanescent and does not propagate.

The quadratic problem (22) of the eigenvalue to be
solved by writing in the following formh

K 0 þ λK
00
i�
�Q
� ¼ 0 (23)

where

K 0 ¼
" bK2 K1 � u2M

K1 � u2M 0

#
;

K
00 ¼


�K3 0

0 K1 � u2M

�
and Q ¼

"
kb�qb�q

#
The matrices K 0 and K

00
are dimension 2nn where nn is the

total number of nodes.
From a numerical point of view, the eigenvalue problem

defined by Eq. (18) or (21) is more convenient than the
problem (23). The latter is slower than the first and is
justified only in the case of depreciation in the structure [10].

The eigenvalue problem (23) is solved by specific nu-
merical methods. The Matlab command polyeig solves it
with the following command: polyeigðA1;A2;A3Þwith
A1 ¼ K1 −u2M; A2 ¼ bK2 et A3 ¼ −K3. The wavenumber is
then obtained in the form k ¼ −λ. The associated eigen-
vectors represent the propagation modes in the forward
direction x3 ≥ 0 or retrograde x3 ≤ 0.

The eigenvalue problem (23) allows parametric defini-
tion for each value ofua set of 2nn a number of waves
fkigi¼1;:::;2nn and two sets of eigenvectors associated respec-

tively on the left (L) and on the right (R): fQL
i gi¼1;:::;2nn et

fQR
i gi¼1;:::;2nn.

3. NUMERICAL CALCULATION OF THE
FORCED REGIME SOLUTION

For a forced system in the context of the SAFE formulation,
the stress vector is interpolated in the harmonic form�

T
!� e

¼ ½Nðx1; x2Þ�e½Tðx3Þ�e expð−jutÞ (24)

where ½Tðx3Þ�e is the vector of elemental nodal forces. This
vector can be decomposed by inverse Fourier transform in
the form
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½Tðx3Þ� e ¼
Z þ∞

−∞

�
�TðkÞ�eexpð jkx3Þdk (25)

where ½�TðkÞ�e is the transformed Fourier vector of ½Tðx3Þ� e
which is defined by�

�TðkÞ�e ¼ 1
2p

Z þ∞

−∞

½Tðx3Þ� eexpð−jkx3Þdx3 (26)

Considering the spectral component k, the stress vector is
interpolated in the form�

T
!� e

¼ ½Nðx1; x2Þ�e
�
�T
�e
exp½ jðkx3 � utÞ� (27)

By substituting Eq. (27) in Eq. (6) and using Eqs. (16) and
(17), it comes by assembling

∪
Ne

e¼1
d½q�e T��½Ke� � u2½Me��½�q� e � �

�Fe�� ¼ 0 (28)

where ½�Fe� ¼ R
Ω

e∩Σ ½N�T ½N�½�T�e dΩ
After assembly and multiplication on the left by the

matrix Tn defined by Eq. (20), it comes�½K1� þ k
�bK2

�þ k2½K3� � u2½M���b�q� ¼ �b�F� (29)

where ½b�F� ¼ Tn½�F�
Using Eq. (23), we obtain�

K 0 � kK
00���Q� ¼ ½ �p� (30)

where ½�p� ¼


½b�F�
0

�
The solution of Eq. (30) is written�

�Q
� ¼ X2nn

i¼1

λiQ
R
i (31)

where

λi ¼ −
QL

i p
ðk� kiÞQL

i K
00QR

i
(32)

As the displacement represents the lower part of the
vector ½�Q�, it is written�b�q� ¼ X2nn

i¼1

λiQ
Rinf
i (33)

Considering a load punctual in x3 ¼ x03, Eq. (32) is
rewritten

λi ¼ −
QL

i �p
ðk� kiÞQL

i K
00QR

i
d
�
x3 � x03

�
(34)

where d is the distribution of Dirac.
Nodal displacement in physical space is then given by

½qðx3:Þ� ¼ −Tn

X2nn
i¼1

QL
i �p QRinf

i

QL
i K

00QR
i
exp

�
jki
�
x3 � x03

��
(35)

Then, by interpolation, we obtain the harmonic
displacement field in the form

�
u!ðx1; x2; x3; tÞ

� e¼ ½Nðx1; x2Þ�e½qðx3Þ�e exp½ jðkx3 � utÞ�
(36)

Note that calculating the displacement field by Eqs. (35)
and (36) is a hard job.

It is necessary to determine the vector ½�p� by temporal
and spatial Fourier transformation on x3 of the applied stress
vector field, and solve for each frequency the eigenvalue
problem (23) in order to determine ki, QL

i et QR
i .Once the

harmonic displacement field is calculated by Eq. (36), we
return to physical space by executing the inverse Fourier
transform in time.

4. NUMERICAL CALCULATION OF THE GROUP
VELOCITY OF THE GUIDED ELASTIC WAVES IN
A RAIL

It is possible to implement the finite element method to

calculate the global matrices bK and M appearing in Eq. (29).
Then the eigenvalue problem can be solved to determine the
dispersion curves. We can then calculate the phase velocity
defined for the propagating modes by

cp ¼ u

k
(37)

where we take real wave numbers, knowing that in general,
they are complex. If the wave number is pure imaginary, the
wave is said to be evanescent and it does not propagate.
When realðkÞ≠ 0 the propagation is possible, the imaginary
part imagðkÞ introduces then an attenuation and the wave is
damped.

The group velocity that characterizes the shape of the
wave is defined by

cg ¼ vu

vk
(38)

In the conservative case, it is possible to explain the ve-
locity group for each particular solution ðu; kÞ in the
following form [10].

cg ¼
ðbqLÞT�bK2 þ 2kK3

�bqR
2u ðbqLÞTMbqR (39)

where bqR are the eigenvectors on the right and bqL the ei-
genvectors on the left obtained by solving the eigenvalue
problem (29).

Cutoff frequencies are obtained by posing k ¼ 0, that is,
by solving the problem with the following eigenvalues�½K1� � u2½M��½q� ¼ ½0� (40)

In the case of a damping system for which the coefficients
Ciplm are complex, which has not been considered here, the
wavenumbers are complex numbers and it is no longer
possible to distinguish between propagating and evanescent
waves. The notion of cutoff frequency no longer makes sense.
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5. CONCLUSION

This generalist method applies to any beam type waveguide
and allows to parametrically analyze the various possibilities
of excitation of the structure able to highlight targeted de-
fects present in the structure. The semi-analytical finite
element method offers the possibility of calculating the
displacement field and the reflection and transmission co-
efficients when a certain defect is considered on the cross-
section of the rail.
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