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ABSTRACT
Concrete indeterminate flexural members represented by continuous beams reinforced with both fiberreinforced polymers and steel bars in a way that allows for moment redistribution at failure are
analyzed. The efficiency of introducing steel bars in the critical sections where plastic hinges are likely to
form is evaluated in terms of reliability. Monte Carlo simulation and the concept of comparative
reliability are both employed. Ultimately, the effect of different design parameters on the strength
reduction factor is evaluated.
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1. INTRODUCTION AND LITERATURE REVIEW
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The use of Fiber-Reinforced Polymers (FRP) reinforcing bars in concrete structures is
becoming more desirable as an alternative for steel reinforcement. The noncorrosive properties and the high strength-to-weight ratio of FRP reinforcement provide a perfect solution
for optimized structures in aggressive environments. However, a drawback is its low modulus
of elasticity compared to steel which results in early concrete cracking at lower service loads
[1], as well as the lack of failure ductility in the ﬂexural elements. Therefore, in order to
compensate for the sudden failure of FRP-reinforced elements, very conservative safety
factors - compared to those used for steel reinforced sections – are adopted in the design
process. A strength reduction factor ranging between 0.55 and 0.65 according to the failure
mode is recommended by the ACI 440.1R-06 Standard [2]. Similarly, the ﬁb-bulletin 40 [3]
recommends the use of a partial safety factor for FRP bars of 1.3 instead of the 1.15 factor
recommended for steel reinforcement.
Regarding the enhancements of ductility of FRP-reinforced members, many researchers
focused on improvements in the compression zone. One study suggested the use of ductile
materials in the compression zone of critical sections at which the plastic hinge is likely to
form as a way to improve the ductility of FRP-reinforced elements [4]. Another approach was
to increase the conﬁnement of concrete in critical sections with additional stirrups as an
improvement for the concrete compression ductility [5]. Other researchers recommended the
addition of polypropylene ﬁbers to the concrete mix to improve the ductility of FRP reinforced elements [6]. The most effective results were achieved by the use of hybrid reinforcement bars consisting of a steel core surrounded by multi-layers of FRP materials [7].
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However, the use of these hybrid bars is associated to high
manufacturing costs and, in case of using bars with more
than one FRP layer, a gradual irreversible failure in the
reinforced element due to the rupture of FRP layers.
Another technique is to use additional steel bars in the FRPreinforced elements to provide some ductility in the tensile
zone [8]. The latter authors recommended designing ﬂexural
elements in a way that ensures the failure is initiated by steel
yielding, followed by concrete crushing and ﬁnally by the
rupture of FRP bars. These elements are proposed to be
designed as over-reinforced elements with the amount of
FRP reinforcement more than that of steel reinforcement.

2.2. Analytical models for materials
The stress-strain model for the behavior of concrete used in
this study is divided into two parts, Fig. 2. The ascending
part up to the compressive strength complies with Eq. (1)
given by Saenz [9] while the descending part up to crushing
is represented by Smith and Young [10] model which is
given in Eq. (2).
σc ¼

Eo «c
  2 ;
E0
«c
c
1 þ Esc  2 ««max
«max




 1− «c
«
max
«c
;
σ c ¼ fc0
e
«max
pﬃﬃﬃﬃ
E0 ¼ 4700 fc0 ;

(1)



2. ANALYTICAL INVESTIGATION
2.1. The analyzed case
The suggested approach for the continuous beam reinforcement is shown in Fig. 1. The addition of steel bars over
supports in a continuous FRP reinforced concrete beam will
cause a signiﬁcant variation in the ﬂexural stiffness between
the hogging areas (over-supports) and the sagging areas
(midspans).
The following analysis is based on the static moment
distribution in indeterminate beams when the flexural
stiffness in hogging area is different from that in sagging
area. This variation will influence the distribution of moments along the beam.
The ratio of flexural stiffness between hogging and
sagging areas will affect the length of hogging area (referred
to as x later in the text), which is deﬁned as the distance
between the point of contra-ﬂexure and the support. This
relationship can be found by the application of the conjugate
beam method. Similarly, the ratio of sagging and hogging
moments is also related to the length of the hogging area,
and the corresponding relationship can simply be found by
the application of the force method and simple statics.
Ultimately, the direct relationship between the stiffness ratio
and the moment ratio can be plotted by comparing the two
previously mentioned relationships.
For this analysis, it is assumed that the effect of any bars
in the compression zone at any section on the flexural
stiffness is neglected.

Fig. 1. The suggested approach for continuous beams

Esc ¼

fc0

«max

:

(2)
(3)
(4)

The FRP bars are assumed to act elastically up to rupture.
Perfect bond is assumed between FRP bars and concrete
throughout the loading.
The steel reinforcement used is assumed to have elastic
behavior up to yielding at an elasticity modulus of 200 GPa.
After yielding, the steel reinforcement is assumed to exhibit
a strain hardening phase up to failure at a rate of 5% of its
original modulus of elasticity. Perfect bond is also assumed
between steel bars and concrete throughout the loading.

2.3. Moment-curvature relationship
A MATLAB code was written to calculate the stresses and
the bending moment capacity in a concrete section reinforced with both steel and FRP bars using the above
constitutive models for materials. Stresses are calculated at a
concrete strain step of 0.00005.
The resulting moment-curvature graph consists of three
main phases: first, the section acts elastically up to steel
yielding, and then it exhibits another linear-elastic behavior
at a lower flexural stiffness governed mainly by the FRP
modulus of elasticity up to the rupture of FRP bars. Finally,
the yielded steel can still provide capacity governed by its
hardening modulus. Typical moment-curvature relationships

Fig. 2. The concrete model
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for sections reinforced with steel, FRP and both are shown in
Fig. 3.

2.4. Moment ratio vs. stiffness ratio
Four cases were investigated, Fig. 4.
The relationship between moment ratio and stiffness
ratio was investigated for all four cases. However, case III
was chosen to illustrate the procedure.
By applying the force method at the point of contraflexure where zero moment is applicable, the following can
be derived from the free body diagram in Fig. 5.
Px
Mh ¼ ;
2
Ms ¼

Pl
 Mh ;
4

Ms
1
x
 1; a ¼ :
¼
L
Mh 2a

(5)
(6)
(7)

By applying the conjugate beam method, and making use
of the boundary condition regarding zero rotation at one
end, the following can be formulated:

EIs ð1  2aÞ2
¼
:
EIh
4a2

(8)

Now, the relationship between the stiffness ratio and the
moment ratio is plotted for each cases and the resulting graph is
shown in Fig. 6. These curves will help in tracking the changes
in moment distribution in an indeterminate beam with different
reinforcement types in the hogging and sagging areas.

2.5. Moment redistribution
The investigated beams are indeterminate single-span concrete beams reinforced with FRP bars in the midspan and
with FRP and steel bars over-supports.
The moment trend in hogging and sagging areas was
analyzed under increasing static loading. An example of the
resulting diagrams is shown in Fig. 7.
It can be seen that up to steel yielding, the hogging moment
is higher than the sagging moment because it has a considerably higher stiffness resulting from the existence of steel bars.
However, after yielding, the two lines start to converge.
For the following analysis a 6-m long concrete beam of
case III with rectangular section was used with the design
parameters presented in Table 1.

3. RELIABILITY ANALYSIS
3.1. The analysis methodology
The reliability index at hogging FRP rupture in terms of
moment capacity was investigated using Monte Carlo
simulation.

Fig. 3. Moment-curvature relationship for different reinforced
concrete sections

Fig. 5. Free body diagram of beam in case III

Fig. 4. The analyzed beams
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Fig. 6. Resulting relationships between stiffness ratio and moment ratio for the analyzed cases

r¼

Fig. 7. Typical resulting diagram for the moment trend in hogging
and sagging areas

The formula for Load and Resistance Factor Design
(LRFD) design is given in Eq. (9) for a simple combination
of only dead and live loads,
Sd ¼ γ D D þ γ L L ≤ fRn ¼ Rd :

(9)

The values of mechanical, geometrical and loading
parameters are considered random variables with lognormal
distribution to suppress negative values. Statistical properties
of all the variables used in the simulation are presented in
Table 2.
The design capacity in terms of static moment is calculated for every simulated element with a preset value of f.
The statistical parameters of capacity are then determined.
The design loading is taken equal to the design capacity and
analyzed into dead and live loads according to the loading
ratio. The statistical parameters of the overall effect are then
estimated and the reliability index is calculated using
Eq. (10),
mR  mE
ﬃ:
b ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
(10)
σ 2R þ σ 2E
Values for the loading ratio as given in Eq. (11) were
chosen in the range between 0.3 and 0.7 as suggested by
Szerszen and Nowak [13] and Boj
orquez and Ruiz [15],

D
:
DþL

(11)

As recommended by Szerszen and Nowak [13], the
following two load combinations were used: 1:2D þ 1:6L,
1:4D þ 1:4L.
To validate the results, the concept of comparative reliability introduced by Zadeh and Nanni [15] was used. The
comparative reliability method calibrates the strength
reduction factor for design of new sections based on a
comparison with another section which is well-known in the
literature using a load-free formula. The calibration formula
for sections with coefﬁcients of variation less than 0.3 is
given in Eq. (12) [16],
The statistical parameters for the flexural strength of a
steel-reinforced concrete section are given by Nowak and
Szerszen [14] and are presented in Table 3,


f 1 λ2
ln f λ1
2
d2  d1
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ¼
bT :
(12)
d21 þ d22 d1 þ d2

3.2. Strength reduction factor
The hogging moment consists of two components: steel
component Msteel and FRP component MFRP. The effect of
additional steel on the strength reduction factor was monitored. Sections with different steel-to-FRP ratios were
simulated and the corresponding strength reduction factors
were calculated using Eq. (12). For the purpose of comparison, the statistical parameters of the overall resistance were
also calculated using the values given in literature for the
ﬂexural resistance of FRP-RC and steel-RC sections given in
Table 3.
The following formulas were used to calculate the statistical parameters of the overall flexural resistance, normal
distributions were assumed,
MComposite ¼ MFRP þ Msteel :

(13)

The mean value can be calculated as the sum of means by
introducing the bias factors of every component:
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Table 1. Input parameters for the analyzed beams
ds
mm

Af ;h
mm2

As;h
mm2

Af ;s
mm2

fc0
MPa

fy
MPa

ffu
MPa

350
50
450

250
75
400

600
100
800

1,100
150
1,400

40
5
50

360
90
540

600
100
800

min
step
max

b 5 300 mm, df ;h 5 df ;s 5 450 mm, Es 5 200 GPa, Esh 5 10 GPa, Ef 5 40 GPa.
Table 2. Statistical parameters for the reliability analysis

b
df
ds
fc0
Af
As
ffu
Ef
Es
fy
D
L
Pf
Ps

λ

d

Distribution

Reference

1.01
0.99
0.99
1.24
1.0
1.0
1.2
1.04
1.0
1.145
1.05
1
1
1.02

0.04
0.04
0.04
0.1
0.03
0.03
0.08
0.08
0.015
0.05
0.1
0.18
0.06
0.06

Lognormal
Lognormal
Lognormal
Lognormal
Lognormal
Lognormal
Lognormal
Lognormal
Lognormal
Lognormal
Lognormal
Lognormal
Lognormal
Lognormal

Nowak and Szerszen [11]
Nowak and Szerszen [11]
Nowak and Szerszen [11]
Nowak and Szerszen [11]
Gulbrandsen [12]
Gulbrandsen [12]
Gulbrandsen [12]
Gulbrandsen [12]
Nowak and Szerszen [11]
Nowak and Szerszen [11]
Nowak and Szerszen [13]
Nowak and Szerszen [13]
Zadeh and Nanni [14]
Nowak and Szerszen [11]

The values of the flexural strength statistical parameters
as well as reduction factor resulting from both the simulation of the hogging moment and the calculations using Eqs
(13)–(17) are presented in Figs 8–10 at different steel-toFRP moment ratios.

3.3. The effect of design parameters on the reduction
factor
The condition for moment redistribution to take place as
discussed in the previous sections can be translated into the
following inequality where Mstatic;rup is the moment capacity
at hogging FRP rupture and Mstatic;u is the capacity at ultimate failure:
Mstatic;rup < Mstatic;u :

(18)

Only 596 out of 2,187 cases as shown in Table 1 seemed to
maintain ﬂexural moment capacity after the FRP rupture

Table 3. Input and resulting reduction factor of the comparative
reliability analysis

Steel-RC
FRP-RC

λ

d

b

4

Reference

1.19
1.11

0.089
0.157

3.5
3.5

0.9
0.65

Nowak and Szerszen [11]
Gulbrandsen [12]

mComposite ¼ λFRP MFRP þ λsteel Msteel :

(14)

The bias factor of the overall resistance can be then
calculated:
λComposite ¼

mComposite
MComposite

¼

λFRP MFRP þ λsteel Msteel
:
MFRP þ Msteel

(15)

The standard deviation of the overall flexural resistance is
calculated as the standard deviation of the sum of two
normal distributions:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
σ Composite ¼ σ 2FRP þ σ 2steel
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2 :
þ d2steel λ2steel Msteel
(16)
¼ d2FRP λ2FRP MFRP

Fig. 8. COV for ﬂexural resistance of RC section with composite
reinforcement

Finally, the coefficient of variation can be calculated:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
þ d2steel λ2steel Msteel
d2FRP λ2FRP MFRP
σ Composite
¼
:
dComposite ¼
λFRP MFRP þ λsteel Msteel
mComposite
(17)
Now, the values of λComposite and dComposite can be
substituted in Eq. (12) to ﬁnd the corresponding value of
strength reduction factor.

Fig. 9. Bias factor for ﬂexural resistance of RC section with composite reinforcement
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Fig. 10. SRD for ﬂexural resistance of RC section with composite
reinforcement

by adding a specific amount of steel bars buried inside the
FRP cage in the critical sections, where plastic hinges are
likely to form and adjusting the FRP reinforcement in the
other sections to make them capable of taking over the
additional moment redistributed from these hinges.
The suggested design approach depends on finding a
balance between the flexural capacity of the designed
element and the safety margin maintained at failure. This is
achieved by adjusting the area of FRP and steel reinforcement along the beam.
The strength reduction factors currently recommended
by the codes for FRP-reinforced elements can be significantly improved where the approach discussed in this paper
is adopted. A value not lower than 0.8 can be achieved from
the strength reduction factor, where sufficient moment
redistribution is proven to take place at failure.

Table 4. Preliminary regression analysis results
Variable

Count

Coefficient

Mean

S. D

Std.
Coeff.

ACKNOWLEDGMENTS

596
596
596
596
596
596

0.77739860
0.04429247
0.01281244
0.00074899
0.03554251
0.30732450

–
0.8448918
2.4978580
4.8023360
0.6646003
0.0692159

–
0.0815544
0.4506196
0.6515202
0.1307895
0.0083021

0.0000
0.4036
0.6451
0.0545
0.5194
0.0285

The research project is conducted at the University of Pecs,
Hungary, within the framework of the Biomedical Engineering Project of the Thematic Excellence Programme 2019
(TUDFO/51757-1/2019-ITM).

Const.
dratio
Aratio h
Aratio s
fratio y
fratio c

over supports. For every case, the recommended strength
reduction factor was determined based on the relationship
shown in Figs 8–10. For the cases exhibiting moment
redistribution, the values of f ranged between 0.836 and
0.893, while for the other cases a minimum value of 0.7 was
considered regardless of the calculated one. The curvature
ductility index scored values between 1.6 and 3.6 calculated
between the point of hogging FRP rupture and the point of
ultimate failure.
In order to estimate the effect of the design parameters
on the strength reduction factor and define the most significant ones, a preliminary multiple regression analysis was
carried out on the previous results using NCSS software. The
following five ratios defined the independent variables:
Aratio
fratio

Af ;s
As;h
ds
; Aratio s ¼
; dratio ¼
;
Af ;h
Af ;h
df ;h
fy
f0
¼ ; fratio c ¼ c _
ffu
ffu

h

y

¼

(19)

The previous ratios replaced the original design parameters in order to eliminate the units and make the results
more convenient for comparison.
Table 4 shows the signiﬁcant effect of the ratios related to
components of steel share of moment capacity: steel area,
yielding strength and effective depth.

4. CONCLUSION
The use of FRP bars as reinforcement for concrete structures
can be made more reliable through controlling their failure
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